The Uhlmann connection is a mixed state generalization of the Berry connection. The latter has a very important role in the study of topological phases at zero temperature. Closely related, the quantum fidelity is an information theoretical quantity which is a measure of distinguishability of quantum states. Moreover, it has been extensively used in the analysis of quantum phase transitions. In this work, we study topological phase transitions in 1D and 2D topological superconductors with long-range hopping and pairing amplitudes, using the fidelity and the quantity ∆ closely related to the Uhlmann connection. The drop in the fidelity and the departure of ∆ from zero signal the topological phase transitions in the models considered. The analysis of the fidelity susceptibility and its associated critical exponents are also applied to the study of the aforementioned topological phase transitions.
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I. INTRODUCTION
The last decade saw a remarkable development in the research in topological quantum matter because of its unique properties which are in general immune to small local perturbations. Topological phases (TPs) of matter, like topological insulators and superconductors, are described in the bulk by topological invariants, such as the winding number of a map or the Chern number of a vector bundle over the Brillouin zone [1] , which justify the robustness to perturbations preserving the gap. By changing the parameters of the Hamiltonian, such as hopping amplitudes or external fields, we can control the phase of the system by closing the gap. When this gap closing is accompanied by a change in the values of topological invariants we say that we have a topological phase transition. Such phase transitions are witnessed by using tools from quantum information such as entanglement [2] [3] [4] [5] and, more recently, the ground state fidelity and the associated information geometric notions [6] [7] [8] [9] [10] [11] . The bulk-to-boundary principle states that, if we have a system composed of two parts, described in their bulks by different values of a topological invariant, there will exist gapless excitations localized at their boundary. These so-called edge states are topologically protected. Usually, topological superconductors (TSCs) models are considered to have short-range interactions only [12, 13] . Recently, it has been found that including long-range effects in both hopping and pairing amplitudes deeply modifies the topological phase diagram of TSCs [14] [15] [16] [17] [18] . In 2D, these long-range effects have a more profound effect than in 1D TSCs [19] .
In this paper, we apply recently developed fidelity and Uhlmann connection analysis of symmetry protected topological phases [20] [21] [22] to study quantum phase transitions in the presence of long-range amplitudes in 1D and 2D TSCs. Our paper proceeds as follows. In Section II, we briefly present the expressions for fidelity, the Uhlmann quantity ∆ and the fidelity susceptibility, and explain how these quantities are used to probe topological phase transitions. In Section III, we present the results of the fidelity and Uhlmann connection analysis along with the fidelity susceptibility for 1D and 2D TSCs with long-range amplitudes. We also analyze the critical behavior at zero temperature by looking at critical exponents. Finally, in Section IV, we present our conclusions.
II. INFORMATION GEOMETRY AND PHASE TRANSITIONS
In this section, we present the main quantities through which topological phase transitions are studied. The fidelity between two mixed states ρ and σ is given by
Consider a smooth family of Hamiltonians {H(q)} q∈Q where Q is a configuration space of parameters, assumed to be a smooth manifold. For a given temperature T , we can consider the associated family of thermal states, in units where k B ≡ 1,
where Z(q) = Tr exp − H(q)/T . One can then consider the fidelity between two close points q and q = q + δq. When the two points are within the same phase, the corresponding states ρ(q) and ρ(q + δq) will be almost the same and the fidelity will be close to 1. However, whenever there is a phase transition, the state of the system changes dramatically and the fidelity will drop, signaling the phase transition. The notion of state distinguishability quantified by the fidelity provides associated information geometric quantities, namely, a distance and a Riemannian metric in the space of states and a connection in the fiber bundle of purifications [23] . Consider, for simplicity, a finite dimensional Hilbert space H which we can identify with C n . For a fixed rank k, the space of density operators is a manifold. The so-called Bures distance in this space is defined by d
2 B (ρ, ρ + δρ) to second order in δρ, defines a Riemannian metric. By taking the pullback with respect to the map q → ρ(q), we obtain the fidelity susceptibility χ F (q), which is a positive semidefinite rank-2 covariant tensor in Q. In this work, we are considering TSCs at T = 0, in dimensions D = 1, 2, whose Hamiltonian can be expressed as
where
creates (destroys) an electron with momentum k ∈ B.Z., where B.Z. denotes the first Brillouin zone, {σ µ } 3 µ=1 are the standard Pauli matrices and we employ the Einstein summation convention. The topological phase, for fixed q ∈ Q, is specified by the homotopy class of a map Φ q : B.Z. → S D given by
where in the case D = 1, due to symmetry considerations, the target space is the equator of the Bloch sphere, therefore, a circle S 1 . The norm of the vector d µ (k; q) is the gap function, |d(k; q)| ≡ E(k; q). When the gap closes, the map Φ q stops being well-defined. The expression of the fidelity susceptibility is given by [22] 
In addition, one can consider purifications of density matrices. A purification of a density matrix ρ is as a n × k matrix w, such that ρ = ww † . There is a U(k) gauge degree of freedom in choosing w, since wU , with U ∈ U(k), defines the same density matrix ρ. This gauge ambiguity defines the aforementioned (principal) fiber bundle of purifications over the space of density matrices of rank k. The fidelity induces a connection in this principal bundle known as the Uhlmann connection [24] .
To probe the Uhlman connection, we study the quantity ∆ defined by
One can show that,
where V approximates the infinitesimal parallel transport according to the Uhlmann connection in the gauge specified by w(q) = ρ(q). Note that, when V = I then ∆ vanishes and, thus, this quantity is probing the non-triviality of the Uhlmann connection. Moreover, whenever the states ρ(q) and ρ(q + δq) commute we have ∆ = 0. In other words, the non-triviality of V , and, thus, of the Uhlmann connection, quantifies the change in the eigenbasis of ρ(q).
The quantity ∆ quantifies part of the change of a density operator and, therefore, much like fidelity, it probes phase transitions (for more details see [20, 22, 25] ).
In the present paper, we are interested in the zero temperature behavior of the system and, thus, the properties of the ground state manifold. The ground state of the topological phase is obtained by filling the occupied bands below the gap and it is non-degenerate. For the systems considered here, there is a single occupied band and the pullback of the Uhlmann connection by the family of single particle states parametrized by momenta is Abelian. The resulting connection is precisely the so-called Berry connection.
We end this section with a remark on the quantity ∆ which for the case of pure states can be algebraically computed in terms of the fidelity. More concretely, let ρ = |ψ ψ| and σ = |φ φ| be pure states, then
FIG. 1: Illustration of the short and long range hoppings in the 1D topological superconductor given by H.
III. RESULTS
A. 1D topological superconductors with exponential decaying hopping amplitude
We consider the following 1D Hamiltonian of a TSC with periodic boundary conditions [18] ,
where r l,β and R l,α , control hopping and pairing amplitudes, respectively, and they are functions of the distance l, with real parameters β and α, respectively. The operators c † i (c i ) are spinless fermion creation (annihilation) operators and µ is the chemical potential. The short and long range hoppings in H are illustrated in Fig. 1 . Taking advantage of translational invariance, we can diagonalize the above Hamiltonian by going to Fourier space, obtaining a discrete version of Eq. (3),
with k ∈ { 2π N : ∈ {0, ..., N − 1}}, q = (µ, β, α), and
We study a special case where pairing is considered to be strictly nearest-neighbor, 1/R l,α = δ 1,l , and hopping terms which decay exponentially of the form r l,β = exp (l − 1)/β . This fixes the parameter α and hence we restrict ourselves to the parameters q ≡ (µ, β).
In the case of a 1D superconductor with strictly nearest hopping and pairing amplitudes, there is one nontrivial topological phase with winding number 1 for −1 < µ < 1, where for other values of µ the winding number is 0. On the other hand, when long-range effects are included, i.e., β > 0, the topological phase diagram, given in terms of µ, changes [18] . Our fidelity and ∆ analysis show this exact behavior, see Fig. 2 . We probe the parameter space by considering two nearby points (µ, β) and (µ + δµ, β) and calculate the fidelity F = F (ρ(µ, β), ρ(µ + δµ, β)) and ∆ = ∆(ρ(µ, β), ρ(µ + δµ, β)). We refer the reader to the appendices of [20, 22] for details of the analytical derivations of the expressions for the fidelity, ∆ and fidelity susceptibility, also applicable for the 2D case studied below. Fig. 2a shows the critical lines of topological phase transitions, where F was calculated with δµ = 0.01. We can see that F is one everywhere except for the phase transition lines where its value drops down from one. Fig. 2b shows the behavior of ∆: the departure of ∆ from zero shows the nontrivial behavior along the phase transition lines. In Fig. 2c we plot the χ µµ which also shows the topological phase transitions. We can see from all the above plots that as β goes to zero we recover the usual topological superconductor where criticality exist at µ = 1 (9) and −1 respectively. On the other hand, when β increases above zero we see the above mentioned drift of the critical points in the parameter space. Along with the above analysis, we also performed asymptotic analysis of the fidelity susceptibility in the neighborhood (both left and right) of the critical points. A least squares fit of the susceptibility to a power law χ ∝ (µ − µ c ) √ r 2 + s 2 is the Euclidean distance between the coupled sites. Here onward we take ∆ = t = 1/2. As α and β go to +∞, only the terms d 1,0 = d 0,1 = 1 from the primed sum survive, and the usual short-range superconductors are obtained [19] .
Considering periodic boundary conditions, i.e., putting our system on a torus, the above Hamiltonian can be brought into the form given in Eq. (3) with where
and k = (k x , k y ). It is known [19] that in the case of the short-range 2D TSC described above, in the limit α, β → +∞, there exist two non-trivial topological phases with Chern numbers C = 1, for 0 < µ < 2, and C = −1, for 2 < µ < 4. The points of quantum phase transition are given by µ c = 0, 2, 4. Switching on the long-range effects, the critical points start drifting, and as a result the nontrivial topological phase with C = −1 gets suppressed, while the C = 1 phase gets enlarged. The plots for the fidelity, ∆ and fidelity susceptibility χ µµ are shown in Fig. 4 , where we take β = α. The fidelity and ∆ are obtained between two close states ρ(µ, β) and ρ(µ + δµ, β) with δµ = 0.01. The departure of fidelity from 1 and ∆ from 0 signals the quantum phase transition lines, as shown in Fig. 4a and Fig. 4b, respectively . The fidelity susceptibility also shows the phase transition lines in the parameter space, see Fig. 4c .
We also performed the asymptotic analysis of fidelity susceptibility in the neighborhood of critical µ c for fixed value of β = β c as shown in Fig. (5) . ii) in the neighborhood of µ c = 3.89, exponent b = 0.79 ± 0.0370 from the right, see Fig. 5d .
IV. CONCLUSIONS
In this work we performed an information geometric analysis of 1D and 2D topological superconductors with long-range hopping and pairing amplitudes. The fidelity, ∆ and fidelity susceptibility confirmed the phase diagram as obtained in the recent works [18, 19] . We also performed the analysis of the critical exponents for the fidelity susceptibility. Our analysis in terms of fidelity allows for a natural extension of the study to finite temperatures, where the notion of topological phase is yet to be completely understood. Moreover, it would be interesting to understand the interplay between long range phenomena and temperature fluctuations.
